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Abstract. The Hamiltonian of a system of three quantum mechanical particles moving 
on the three-dimensional lattice 1? and interacting via zero-range attractive potentials is 
considered. For the two-particle energy operator /i(A;), with fe G T'^ = (— 7r, tt]'' the 
two-pai1icle quasi-momentum, the existence of a unique positive eigenvalue below the 
bottom of the continuous spectrum of h{k) for fe 7^ is proven, provided that /i(0) has 
a zero energy resonance. The location of the essential and discrete spectra of the three- 
pailicle discrete Schi'odinger operator H{K), K a being the three-particle quasi- 
momentum, is studied. The existence of infinitely many eigenvalues of H{0) is proven. 
It is found that for the number A'^{0, z) of eigenvalues of H{0) lying below z < the 
following limit exists 

lim / ^, = Uo 

z— »0— I log I 2 I 

with Ho > 0. Moreover, for all sufficiently small nonzero values of the three-particle 
quasi-momentum K the finiteness of the number N{K,Teas{K)) of eigenvalues of 
H{K) below the essential spectrum is established and the asymptotics for the number 
N{K, 0) of eigenvalues lying below zero is given. 
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1. Introduction 

One of the remarkable results in the spectral analysis for continuous three-particle 
Schrodinger operators is the Efimov effect: if in a system of three-particles, interacting by 
means of short-range pair potentials none of the three two-particle subsystems has bound 
states with negative energy, but at least two of them have a resonance with zero energy, 
then this three-particle system has an infinite number of three-particle bound states with 
negative energy, accumulating at zero. 

This effect was first discovered by Efimov fS^. Since then this problem has been 
studied in many physics journals and books 1 1 3 , 7|. A rigorous mathematical proof of 
the existence of Efimov's effect was originally carried out in [26] by Yafaev and then in 
[21,23,24,25]. Efimov's effect was further studied in [2,4,10,12,15,16,17,19,20]. 

Denote hy N{z), z < the number of eigenvalues of the Hamiltonian below z < 0. 
The growth of N{z) has been studied by S. Albeverio, R. Hoegh-Krohn, and T. T. Wu in 
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[1] for the symmetric case. Namely, the authors of [1] have first found (without proofs) 
the exponential asymptotics of eigenvalues corresponding to spherically symmetric bound 
states. 

This result is consistent with the lower bound 

lim inf > 

^^0 |log|2;|| 

estabUshed in [24] without any symmetry assumptions. 
The main result obtained by Sobolev [23] is the Umit 

(1.1) lim\log\z\\-^N{z) = Uo, 

Z—^0 

where the coefficient Uq does not depend on the potentials Va and is a positive function 
of the ratios mi/m2, TO2/TO3 of the masses of the three-particles. 

In [2] the Fredholm determinant asymptotics of convolution operators on large finite 
intervals with rational symbols having real zeros are studied, as well as the connection 
with the Efimov effect. 

In models of solid state physics [8,19,20,22], and also in lattice field theory [9,18] 
discrete Schrodinger operators are considered, which are lattice analogs of the continuous 
three-particle Schrodinger operator. The presence of Efimov's effect for these operators 
was demonstrated at the physical level of rigor without a mathematical proof for a system 
of three identical quantum particles in [19,20]. 

Although the energy operator of a system of three-particles on lattice is bounded and 
the perturbation operator in the pair problem is a compact operator, the study of spectral 
properties of energy operators of systems of two and three particles on a lattice is more 
complex than in the continuous case. 

In the continuous case [6] (see also [7,22]) the energy of the center-of-mass motion 
can by separated out from the total Hamiltonian, that is, the energy operator can by split 
into a sum of a center-of-mass motion and a relative kinetic energy. So that the three- 
particle "bound states " are eigenvectors of the relative kinetic energy operator. Therefore 
Efimov's effect either exists or does not exist for all values of the total momentum simul- 
taneously. 

In lattice terms the "center-of-mass separation" corresponds to a realization of the 
Hamiltonians as a "fibered operator", that is, as the "direct integral of a family of oper- 
ators" H{K) depending on the values of the total quasi-momentum K^T^ = (— tt, tt]^ 
(see[8,22]). In this case a "bound state" is an eigenvector of the operator H{K) for some 
K^T^. Typically, this eigenvector depends continuously on K. Therefore, Efimov's effect 
may exists only for some values of ii'GT^(see [12]). 

In [10] was stated the existence infinitely many bound states (Efimov's effect) for 
the discrete three-particle Schrodinger operators associated with a system of three arbi- 
trary quantum particles moving on three dimensional lattice and interacting via zero-range 
attractive pairs potentials. In this work only a sketch of proof of results has been given. 

In [12] the existence of Efimov's effect for a system of three identical quantum 
particles (bosons) on a three-dimensional lattice interacting via zero-range attractive pair 
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potentials has been proven, in the case, where all three two-particle subsystems have res- 
onances at the bottom of the three-particle continuum. 

In [13,14] the finiteness of the number of bound states was proven, in the cases, 
where either none of the two-particle subsystems or only one of the two-particle subsys- 
tems have a zero energy resonance. 

In [16] (a detailed proof is in [17]) the following results have been established: for 
the difference operator on a lattice associated with a system of three identical particles 
interacting via zero-range attractive pair potentials under the assumption that all two- 
particle subsystems have resonance at the bottom of the three-particle continuum. 

1) for the zero value of the total quasi-momentum (K = 0) there are infinitely many 
eigenvalues lying below the bottom and accumulating at the bottom of essential spectrum 
(Efimov's effect). 

2) for allK G U^{0) = {K G : < \K\ < S}, S > sufficiently small, the 
three-particle operator has a finite number of eigenvalues below the bottom of essential 
spectrum. 

The results are quite surprising and clearly put in evidence the difference between 
the continuum and discussed cases. 

In the present work we consider a system of three arbitrary quantum particles on the 
three-dimensional lattice interacting via zero-range pair attractive potentials. 

Let us denote by Tess{K) the bottom of essential spectrum of the three-particle 
discrete Schrodinger operator H{K) , K and by N{K, z) the number of eigenvalues 
lying below z < Tess{K). 

The main results of the present paper are as follows: 

(i) for the two-particle energy operator h{k) on the three-dimensional lattice Z'^, 
k being the two-particle quasi-momentum, we prove the existence of a unique positive 
eigenvalue below the bottom of the continuous spectrum of h{k), k ^ for the non- 
trivial values of the quasi-momentum k, provided that the two-particle Hamiltonian h{0) 
corresponding to the zero value of k has a zero energy resonance. 

(ii) we establish a location of the essential spectrum of the discrete three-particle 
operator The infinitely many eigenvalues of the three-particle discrete Schrodinger 
operator arise from the existence of resonances of the two-particle operators at the bottom 
of three-particle continuum. Therefore we obtain a lower bound for the location of discrete 
spectrum of H{K) in terms of zero-range interaction potentials. 

(iii) for the number N{0, z) we obtain the limit result 

limJ^^M^Uo, (0<Uo<oo). 

2^-0 I log 1^1 1 

(iv) forany if G U^{^) we prove the finiteness of -/V(ii', Tess(-f^)) and establish the 
following limit result 

|KHo |log|if|| 

We remark that whereas the result (iii) is similar to that of continuous case and, the results 
(i) and (iv) are surprising and characteristic for the lattice systems, in fact they do not have 
any analogues in the continuous case. 
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The plan of the paper is as follows: 
Section 1 is an introduction to whole paper 

In section 2 the Hamiltonians of systems of two and three-particles in coordinate 
and momentum representations are described as bounded self-adjoint operators in the 
corresponding Hilbert spaces. 

In section 3 we introduce the total quasi-momentum and decompose the energy 
operators into von Neumann direct integrals, choosing relative coordinate systems. 

In section 4 we state the main results of the paper. 

In section 5 we study spectral properties of the two-particle discrete Schrodinger op- 
erator h{k),k e T'' on the three-dimensional lattice Z"^. We prove the existence of unique 
positive eigenvalue below the bottom of the continuous spectrum of h{k) ('Theorem l5.4> 
and obtain an asymptotics for the Fredholm's determinant associated with h{k). 

In section 6 we introduce the "channel operators" and describe its spectrum by the 
spectrum of the two-particle discrete Schrodinger operators. Applying a Faddeev type 
system of integral equations we establish the location of the essential spectrum (Theorem 
4.3). We obtain a lower bound for the location of discrete spectrum of H{K) lying below 
the bottom of the essential spectrum (see Theorem l4.4> . We receive a generahzation of 
the well known Birman -Schwinger principle for the three-particle Schrodinger operators 
on lattice (Theorem l6.10> and prove the finiteness of eigenvalues below the bottom of the 
essential spectrum of H{K) for K e Ug{0) (Theorem l4.6> . 

In section 7 we follow closely A.Sobolev method to derive the asymptotics for the 
number of eigenvalues of the discrete spectrum of H{K) (Theorem l4.7> . 

Throughout the paper we adopt the following conventions: For each 6 > the 
notation Us{0) ^ {K e : \K\ < 6} stands for a (5-neighborhood of the origin and 
^5 (0) = ^5(0) \ {0} for a punctured (5-neighborhood. The subscript a (and also /3 and 
7) always equal to 1 or 2 or 3 and a ^ P, (3 ^ j^-f ^ a. 

2. Energy operators for two and three arbitrary particles on a 
lattice in the coordinate and momentum representations 

Let — V dimensional lattice. The free Hamiltonian Hq of a system of three quan- 
tum mechanical particles on the three-dimensional lattice 1? is defined in terms of three 
functions ec((-) corresponding to the particles a = 1,2,3 (called "dispersion functions" 
in the physical literature, see,e.g. [19]). The operator iJo usually associated with the fol- 
lowing bounded self-adjoint operator on the Hilbert space 

{Ho'll)){xi,X2,X3) = ^ [ei(s)-0(xi + S,X2,X3) + £2(s)'(/'(a;i,X2 + S,X3) 

+e3{s)ip{xi,X2,X3 + s)], i> G 

Here ea{-),a = 1,2,3 are assumed to be real-valued bounded functions of compact 
support on Z"^ describing the dispersion low of the corresponding particles (see, e.g. ,[19]). 

The three-particle Hamiltonian H of the quantum-mechanical three-particles sys- 
tems with two-particle pair interactions vp^, I3,j^ {1, 2, 3} is a bounded perturbation of 
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the free Hamiltonian Hq 

(2.1) H ^ Ho-Vi~V2-V3, 

where Vq, a = 1, 2, 3 are muhiphcation operators on £2{{'Z''^)^) 

{Va1p){xi,X2,X3) = Vp^{xp - X^)lp{xi,X2,X3), £ 

and Vfjj is bounded real- valued function. 

Throughout this paper we assume that the following additional Hypothesis holds. 

Hypothesis 2.1. The function ia has the form 

^ Ct — ^CK^7 — 1; ^1 ^5 

where (la)~^ > 0, a = 1,2,3 are different numbers, having the meaning of mass of the 
particle a; 

£ : ^ 

is given by 

[3, s = 0, 
e(s) = <^-i, \s\ = l, 
I 0, otherwise 

and 

where fia > interaction energy of particles (3 and 7, 5xi3x^ is Kroneker delta. 

It is clear that under Hvpothesis l2. li the three-particle Hamiltonian i2.l\ is a bounded 
self-adjoint operator on the Hilbert space £2{{'Z,^)^)- 

Similarly as we introduced H, we shall introduce the corresponding two-particle 
Hamiltonians ha, a = 1,2,3 as bounded self-adjoint operators on the Hilbert space 

ha — ha '^CK, 

where 

{h°a(p){xi3,x^) = ^ [ep{s)ifi{xp + s, x^) + e^{s)(p{xf3, x^ + s)] 

and 

{Va(p){xi3,Xj) = ^laSx^,x-,'f{Xf3,X^), (fi G ^2((2^)^)- 

Let US rewrite our operators in the momentum representation. Let : i2((T'')™) 
£2((^'^)™) denote the standard Fourier transform, where (T'^)™, to S N denotes the 
Cartesian TO-th power of the set T'^ — (— tt, tt]"^. 

The three-resp. two-particle Hamiltonians (in the momentum representation) are 
given by the bounded self-adjoint operators on the Hilbert spaces iy2 ((T^)'^ ) resp. L2 ( (T'' )^ ) 
as follows 

H = J^^H93 

resp. 

ha = 3^2 ^a9^2, Ct = 1,2, 3. 
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One has 

H = Ho-Vi-V2- Vs, 
where Hq is the multiplication operator by the function Y^a=i ^aika) 

3 

a=l 

The functions a = 1, 2, 3 defined above are of the form 

3 

(2.2) £„(p) = U(p), £(p) = 5^(l-C0Sp«), p=(p«,p(2),p(3))gK3 

7 = 1 

and Va,a = 1, 2, 3 are integral operators of convolution type 

{Vaf)(ki,k2,k3) 

= ■^27r)3 J ^^^'^ ~ ^'a)^i^0 + kj — k'fj — k!y)f{k[, k'2, k'^)dk[dk2dk'^, 

(T3)3 

/ e L2{(T^f), 

where 6{k) denotes the Dirac delta-function. 

For the two-particle Hamiltonians ha,cx= 1, 2, 3 we have: 

where 

{Kf){h^ki) = {si3{ki3) + e^{kj))f{kp,kj) 

and 
(2.3) 

{Vaf){k0,k^) = ^ J 5{kp + k^-k'f,-k'^)f{k'p,k'^)dk'pdk'^, feL2{{T^f). 

3. Decomposition of the energy operators into von Neumann direct 
integrals. quasimomentum and coordinate systems 

Given m G N, denote by [/™, s € the unitary operators on the Hilbert space 
£2((Z3)") defined as: 

(J7r/)(ni, n2, Um) = fini +s,n2 + s, ...,nm + s), / € hiiZ'T)- 
We easily see that 

that is, i/™, s G is a unitary representation of the abelian group Z'^. 

Via the Fourier transform the unitary representation of Z"^ in £2 ( (Z"^ ) ™ ) induces 
a representation of the group Z^ in the Hilbert space I/2((T^)™) by unitary (multipHca- 
tion) operators = J-^C/^J^, s e Z^ given by: 

(3.1) {U^f){ki,k2,...,km) = exp ( - i{s,ki +k2 + ... + km))f{ki,k2,...,km), 
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/ei2((T3)™). 

Decomposing the Hilbert space L2((T'^)™) into the direct integral 



L2iiT'r) = / eL2(F^)rfi^, 

where 

F^^ = {(fci, fc2, km) G(T3)™ : ki + k2 + ... + fc,„ = K{mod i2nZ'f)}, K e T^, 

we obtain a corresponding decomposition of the unitary representation J7™, s E into 
the direct integral 

t/r= / ®U,{K)dK, 

where 

UsiK) = eM~iisJ<))I on L2(F';i) 
and / = ^L2(F™) denotes the identity operator on the Hilbert space L2(F^). 

The above Hamiltonians H and ha, a = 1,2.3 obviously commute with the groups 
of translations and C/^, s G Z'^, respectively, that is, 

and 

tj^ha = hjjl, s e Z^ a = 1, 2, 3. 

Correspondingly, the Hamiltonians H and ha, a = 1, 2, 3 (in the momentum represen- 
tation) commute with the groups C/™, s <E 1? given by ( 13. H for m = 3 and m = 2, 
respectively. 

Hence, the operators H and ha, a — 1,2,3, can be decomposed into the direct 
integrals 

H= j ®H{K)dK and ha ^ j ®ha{k)dk, a = 1,2,3, 

with respect to the decompositions 

L2{{TY) - j ®L2{¥\)dK and L2{{T^ f) = j ®L2{¥l)dk, 

respectively. 

For any permutation a(3^ of 123 we set: 

I "^1 1 

^'■'^ ^^^"i^tt;' "'""ui?' 

where the quantity la entered in Hypothesis 2.1. 

Given a cyclic permutation a(3^ of 123 we introduce the mappings 
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and 

^(2) ^ (Tr3)2 ^ TPS^ 7ri2)((fc^,fc^))=g„, 

where 

Qa = hi^fS ~ l-jisk-y e T^(morf (27rZ^)^) and 

Pa = TUaikff + kj) — {rri/} + m^)ka € T^(morf(27rZ^)^). 

Denote by tt^^ , K e T'^ resp. 7r[^\ fc e the restriction of TTa^ resp. 7ri^^ onto 
F|. c (T3)3 resp. c (T^)^ that is, 

(3.3) ^P=^^^\l and Trf = 7r(^)|.. • 

At this point it is useful to remark that 

W\ = {{ka,ki3,k-f) e (T^)^,fca + fc/3 + fc-y = K{mod{2-K'l}f)}, K 

and 

¥l = {{kp, k^) e {T^f, kp + k^^ k{mod (27rZi)3)}, fc G 
are six and three-dimensional manifolds isomorphic to (T'^)^ and T'^, respectively. 

Lemma 3.1. The mappings tt^'' , K gT^ and tt'^\ fc G are bijective from ¥\- C 
(T^)^ and c (T^)^ onto (T^)^ and with the inverse mappings given by 

and 

(Trf = {Ij0k + qa,l0^k - q^) G [T^f. 
Proof. We obviously have that 

{rUcK - Pa) + {m^K + l^pp^ + q^) + {m^K + l^jp^ - qa) = K 

and 

{Ijfjk + qa) + (Ip-ik - qa) = k. 
Therefore, the images of the mappings 

(tt^V^ a^id are the subsets of F|, and 

F^, respectively. 

Conversely, given 

gF|, c (T3)3 and {kfs,k^)e¥l C{T^)'' 

one computes that 

{■^''K)~^ila,Pcx) = {ka,k0,k^) and (tt^ = (fc/3, A;^), 

where 

qa = Ifj-ykfj — l-ypk-y G (T^)(morf (27rZ^)^) and 

Pa = maikp + k-y) — {m/j + m^)ka G (T^)(morf(27rZ^)^). 

□ 
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The fiber operator H{K), K E is unitarily equivalent to the operator 

H{K) = Ho{K) - Vi - V2 ~ V3. 

In the coordinates {qa,Pa) the operators Hq{K) and Va are defined on the Hilbert space 

i2((T3)2)by 

(3.4) {V^f){qo.,Pc.) = J fiq'^,Pc.)dq'^, f S LaClT^)^), 

T3 

where 

Eaf3 {K;qa,Pa) = ea {maK ~Pa)+ef3 {mpK + l^ppa + (7a) + £7 {m^K + lu^Pa -qa)- 
The fiber operator ha{k), k e T^, a — 1, 2, 3 is unitarily equivalent to the operator 

(3.5) K{k) = hl{k) - Va, 

where 

{hl{k)f){qa) = Ei''\qa)f{qc)J e L^iT^), 

(3.6) = J f{q')dq', f e L2{T^) 

T3 

and 

(3.7) E\^\qa) = £f3il'yf3k + Qa) +e^{lp^k - qa). 
Let 

Uk : L2{¥'k) — i2((T3)2), UKf^fo {it^^Y\ K e 

and 

Uk : L2{¥l) -> L2(T3), Uk9 = go (4'^, k £ r\ 
where tt^-* and T:'j^^ are defined by i3.3\ . Then Uk and Uk are unitary operators and 

H{K) = UkH{K)Uj^\ ha{k) = ujia{k)ul^ , a = 1,2, 3. 

All of our further calculations will be carried out in the "momentum representation" 
in a system of coordinates connected with the fixed center of inertia of the system of three 
particles. We order 1,2,3 by the conditions 1 2, 2 3 and 3 1. Sometimes instead of 
the coordinates {qa,Pa) (if it does not lead to any confusion we will write {q,p) instead 
of {qa , Pq )) it is convenient to choose some pair of the three variables Pa ■ The connection 
between the various coordinates is given by the relations 

(3.8) pi+p2+P3 = O,±qa=lj0Pa+P0, Ijp = , , , (a ^ P , P ^ 1 , 1 ^ a) , 

Ip + 

where the plus sign corresponds to the case /3 ^ a, the minus sign corresponds to the case 
a < (3. Expressions for the variables qa in terms of pa and pp can be written in the form 
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Qa = dapPa + GapPfj and explicit formulas for the coefficients dafs and Ca/? are obtained 
by combining the latter equation with ( 13. 8> . 

4. Statement of the main results 

For each K ^ the minimum and the maximum taken over {q,p) of the function 
Eap{K; q,p) are independent of a, /3 ~ 1, 2, 3. We set: 

£'min(i^) = mm Ea!3{K,q,p), E,nax{K) = maxEai3{K,q,p). 
q,p q-.p 

Definition 4.1. The operator ha (0) is said to have a zero energy resonance if the equation 

j {e{q'))-Ml')dq' = Hq) 

has a nonzero solution ip in the Banach space C(T'^). Without loss of generality we can 
always normalize (p so that 'p{Q) — 1. 

Let the operator ha (0) have a zero energy resonance. Then the function 

^{q) = {e{q))-' 

is a solution (up to a constant factor) of the Schrodinger equation ha{0)f — and 4' 
belongs to ii(T3). 
Set 

(4.1) = {Ip + l^){2^f{ j {e{q)r'dqr\ 



1-3 

Hypotliesis 4.2. We assume that ^a ~ IJ^ai l^P — A*/? '^^^ ^ ^7- 

The main results of the paper are given in the following theorems. 
Theorem 4.3. For the essential spectrum ciess {E[{K)) of H{K) the following equality 

ae,,(i?(X)) = U;^^iUpeT3{(Td(/ia((m;5+m.^)X+p))+£„(m„/s:-p)}U[i;,„in(^s:), 
holds, where ad{ha{k)) is the discrete spectrum of the operator ha{k), k G T^. 



Denote by Ts{K) the bottom of the spectrum of the self-adjoint bounded operator 
H{K), that is. 



T,{K) ^ ^MjH(K)fJ). 



We set: 



(4.2) tJ{K) = ^MJiHoiK)fJ) - {V^fJ)],j^ 1,2,3. 

As in the introduction, let N{K, z) denote the number of eigenvalues of the operator 
H{K), K eT^ below z < Tess{K), where Tess{K) = mi aess{Ei{K)) is the bottom of 
the essential spectrum of H{K). 
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Theorem 4.4. Assume HvDothesis [4.2\ Then for all K the inequality 
holds. 

Theorem l4.4l vields the following 

Corollary 4.5. Assume HyDothesis [4.2\ All eigenvalues of the operator H{K), K ^ T'^ 
below the bottom of Tess{K) belong to the interval [t^{K) — ^'^ — Tcss{K)). 

Theorem 4.6. Assume H\Dothesis \4.2\ Then for all K ^ Ug{0), S > sufficiently small, 
the operator H{K) has a finite number of eigenvalues below the bottom of the essential 
spectrum of H{K). 

Theorem 4.7. Assume Hvpothesis [4.2\ Then the operator H{0) has infinitely many eigen- 
values below the bottom of the essential spectrum and the functions N{0, z) and N{K, 0) 
obey the relations 

(4.3) "™ n m = , li,™ ^Tn TTTTT = Uo (0 < Uo < oo). 

2— o|log|z|| li^Ho 2|log|i4:|| 

Remark 4.8. The constant Uq does not depend on the pair potentials /ia, a — 1, 2, 3 
and is given as a positive function depending only on the ratios p-, (3^ a, (3 = 1,2,3 
between the masses. 

5. Spectral properties of the two-particle operator ha{k) 

In this section we study the spectral properties of the two-particle discrete Schrodinger 
operator /iQ,(fc), /c e T"^. 

We consider the family of the self-adjoint operators ha{k), A; G T'^ on the Hilbert 
space 2.2 (T^) 

(5.1) h^{k) = hl{k)-fMa.V. 

The nonperturbed operator /i" (fc) on ^2(1''^) is multiplication operator by the func- 

tion4"'(p) 

(/.^(fc)/)(p)=4")(p)/(p), /eL2(T^), 
where i?^"^ (p) is defined in (13. 7> . The perturbation v is an integral operator of rank one 

{vf){p) ^ {27:)-' I fiq)dq, f e L^iT'). 

T3 

Therefore by the Weyl theorem the continuous spectrum crcont(^a(fc)) of the opera- 
tor ha{k), fc e coincides with the spectrum (t(/i° (fc)) of h'^{k). More specifically, 

acouMk)) = [El:l{k), Ei^lik)], 

where 

(5.2) E^^lik)^mmEi"\p), E^^^k) ^ ma^ eI:'\p) . 
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Lemma 5.1. There exist an odd and analytic function pa : T ^ T such that for any 



k e (tt, tt]'^ the point Pa(k) is a unique non degenerate minimum of the function E^f°'\p) 



and 

(5.3) pc,{k) = 0{\k\^) as k ^ 0. 
Proof. The function E'^"'' (p) can be rewritten in the form 

3 

(5.4) =3(/0 + /^)-^(a„(fc(^')cosp(^) +6„(fc(^'))sinp(^)), 

i=i 

where the coefficients aQ,(fc^^') and ba{k'^^'^) are given by 
(5.5) 

a„(fcO)) = Z^cos(Z^0fc(^))+/-yCOs(/0^fc(j)),6c,(fc^^^) = lps\n{l^pk'^^'^)-l^suv{lfi^k^^^). 
The equaUty implies the following representation for (p) 

3 

(5.6) Ei"\p) = + ^a(fc(^')) cos(p(^) - 

where 

ra(fc(^)) = 7a2(fc0))+ 62(^0))^ ^^(^0")) ^ arcsin ^" ^ '| j , A:^^) e (~^,7r]. 
Taking into account (15. 5> . we have that the vector-function 

is odd regular and it is the minimum point of One has, as easily seen from the 

definition 

Pa{k) = 0{\k\^) as k^O. 

□ 

Let C be the complex plane. For any k E T'^ and zEC\acont{ha{k)) we define a 
function (the Fredholm's determinant associated with the operator ha{k)) 



' ^ T\ Po.^p^{kW,k('),k(^)) ^ (p„(fc(i)),p„(fc(2)),p„(fc(3))) g 



(5.7) A„(fc,z) = 1 ~ /i„(27r)-3 / (^"^(g) - zy'dq. 



-3 

Note that the function Aa{k, z) is real-analytic in (— vr, tt]"^ x (C\(7cont(^Q(fc))) 
The following lemma is a simple consequence of the Birman-Schwinger principle 
and Fredholm's theorem. 

Lemma 5.2. Let k^T'^. The point z£C\acom{ha{k)) is an eigenvalue of the operator 
ha{k) if and only if 

Aaik,z) = 0. 

□ 
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Lemma 5.3. The following statments are equivalent: 

(i) the operator h{0) has a zero energy resonance; 

(ii) A„(0,0) = 0; 
(Hi) = Mq. 

Proof. Let the operator ha{Q) has a zero energy resonance for some > 0. Then by 
( 14. 1> the equation 

(5.8) ^ip)^fi^ilf3 + l^)-\2Tr)-^ 

T3 

has a simple solution in C(T'^) and the solution ip{q) is equal to 1 (up to a constant factor). 
Therefore we see that 

1 = Ma(^/3 + l^)'\2Tr)-'' J {e{q))-'dq 
T3 

and hence 

A,(0,0) = I - + l-,)-\2n)-'' J {e{q))-^dq ^ 

T3 

and so = m"- 

Let for some /i^ > the equality 

A„(0,0) = l-Ma(//3 + ^)"'(27r)-^y(e(g))-idg = 

T3 

holds and consequently Ha — fi^- Then only the function (p{q) = constant e C{T'^) is 
a solution of the equation 



ifip) = Ma(Z/3 + l^)~\2Tr)-'' / {e{q)y'^{q)dq, 



3 

T3 



that is, the operator ha (0) has a zero energy resonance. □ 

Theorem 5.4. Let the operator ha (0) have a zero energy resonance. Then for all k G 
T'^, fc 7^ the operator ha{k) has a unique simple eigenvalue Za{k) below the bottom 
of the continuous spectrum of ha{k). Moreover Za{k) is even on and Za{k) > for 
k^O. 

Proof. By Lemma l53l 

A„(0, 0) = 1 - fi^aih + ly)'\2nr^ [ ie{q)r'dq = 



T3 



and hence it is easy to see that for any z < the inequality Aq(0, z) > holds. By 
Lemma lS^ the operator /iq(0) has no negative eigenvalues. Since p ~ Pa(k) is the non 
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degenerate minimum of the function E^!^^ (p) we define Aq,(/c, E^^i^ik)) as 
A^iKE^^lik)) = 1 - ^^l{2n)-'J {Ei-\q) - E^:l{k)r^dq. 

By dominated convergence theorem we have 

(5.9) lim ^^{k,z)^^c.{k,E'^^^{k)). 

For all /c 7^ 0, g 7^ the inequality 

E[-\q+p^{k))~E^^^{k)<E,{q) 
holds and hence we obtain the following inequality 

(5.10) A„(fc,£;^t(fc)) < Aa(0,0) = 0,fc^O. 

For each /c e T'^ the function AQ(fc, •) is monotone decreasing on (— oo. E[")^{k)\ and 
Ac,(A:,z) 1 as z — > —oo. Then by virtue of dS.lOl l there is a number Za{k) G 
(— oo, such that /S.a{k^ Za{k)) = 0. By Lemma \5.2\ for any nonzero k G 

T'^ the operator ha{k) has an eigenvalue below For any /c e T'^ and z G 

{~oo, £^,i"n(fc)) the equality Aq(— fc, z) — Aa{k, z) holds and hence Za{k) is even. 

Let us prove the positivity of the eigenvalue Za{k), k 0. First we verify, for all 
k E , k ^ 0, the inequality 

(5.11) A„(A:,0)>0. 

Applying the definition of /ij^ by (4. 1) and making a change of variables p = l^pk + g in 
J5.11> we have 

T3 



Making a change of variables q = ^ — p in (|^^) and using the equality Aa{k, 0) 



k 

Aq,(— fc, 0) it is easy to show that 

A„(fc,0) + A„(-fc,0) 



Aa(fc,0)= 2 

k k k k 

(£7(2 + P) " ^-f^ 2 ~ P))('^'3( 2 + ^ ^''^ 2 ^ P))F{k,p)dp, 



= f (2-)-^/ 

T3 

where 

m i^o(|+p) + £o(|-p) 

' '"^^ i?„(|+p)£;o(|_p)(e^(|+p) + £^(|_p))(£^(|_p) + e^(|+p)) 

A simple computation shows that 

k k k k ( fc^*) \ ^ 

{£i{i^'^v)-e^{--p)){eii{-+p)-ep{--p))^M!il^ I 2jcos— cospW 1 > 0. 



\i=\ 
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Thus the inequahty ( 15. lU is proven. 

For any fc G T^^ the function Aa{k, •) is monotone decreasing and the inequalities 

A„(/c, 0) > A„(fc, z„(fc)) = > A^{k, k ^ 

hold. Therefore the eigenvalue Za (k) of the operator ha (k) belongs to interval (0, El^^^{k)). 

□ 



The following decomposition is important for the proof of the asymptotics J4.7> . 

Lemma 5.5. Let jia — = 1,2,3. Then for any k G UsiO), 5 > Q sufficiently small, 

and z < -E^in(fc) the following decomposition holds: 



V27r{if3 + ijy. 

where A^a°\E^^^lik)-z) = OiE^„^lik)-z) and Al°^\k,z)^0{\k\^) as fc 0. 
Proof. Let 

(5.13) Ea{k,p) = Ei"\p + pa{k)) - E^^lik), 

where Pa{k) G is the minimum point of the function e\^\p)^ that is, = 
E\^\pa{k))- Then using ( 15. 6> we conclude 

3 

We define the function Aa(fc, w) on (-tt, ttJ^xRI by Aa{k,w) = Aa(fc, E''^^^{k)-w'^). 
The function A^ik, w) represented as 

dp 



Aa{k,w) = l-^„(2^)-3y" 



Ea{k,p)+w^ 
dp 



and so it is real-analytic in (— tt, tt]'^ x and even in fc G (— tt, tt]'^. Therefore 

(5.14) Aaik,w) ^ AaiO,w) + A^^°Hk,w), 

where Al^^\k,w) ~ 0{\k\^) uniformly in w G as /c — > 0. Taylor series expansion 
gives 

A, (0, w) = A^oi) iO,0)w + A(.02) (0, w)w^ 
where Ai''^^(0,it;) = 0(1) as w ^ 0. Simple computation shows that 

(5.15) ^ A(-)(0, 0) = f + 0. 
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□ 

Corollary 5.6. The function Za{k) — E^)^{k) — w'^{k) is real-analytic in Us{0), where 
Wa{k) is a unique simple solution of the equation Aa{k,w) = and Wa{k) — 0(|fcp) 
as A: — > 0. 

Proof. Since Aa(0,0) = and the inequality J5.15t holds the equation Aa{k,w) = 
has a unique simple solution Wa(k), k G Us{0) and it is real-analytic in Us{0)- Taking 
into account that the function Aa{k,w) is even in fc g Us{0),S > and Wa(0) — 
we have that Wa{k) — 0{\k\'^). Therefore the function Za{k) — E^^^^{k) — w^{k) is 
real-analytic in ?75(0). □ 

Lemma 5.7. Let /i^ = /i^ for some a = 1, 2, 3. Then for any k € Ug{0) there exists 
a number 5{k) > such that, for all z € Vs(^k){za{k)), where Vs(k){za{k)) is the S(k)- 
neighborhood of the point Za{k), the following representation holds 

A„(/c, z) = Ci(fc)(z - z„(fc))A„(/c, z). 

Here Ci{k) ^ and A^ik, z) is continuous in V5(fe) (zq(/c)) and Aa{k^ Za{k)) ^ 0. 

Proof. Since z^ (fc) < £^i")j(fc), fc 7^ the function A„(fc, z) can be expanded as follows 

oo 
n=l 

where 

Ci(fc)^ ^" J ^ ^0, fc^O. 

^Mh + l,)-^ 2^E^l{k)-z^(k) 

Therefore AQ(fc, z) is continuous in Vs[k) i^aik)). Since Za{k), k ^ is an unique 
simple solution of the equation Aa{k, z) — 0, z < E^^^{k), we have Aa{k, Za{k)) ^ 0. 

□ 

6. Spectrum of the operator H{K) 
The "channel operator" Ha{K), X eT^ acts in the Hilbert space L2((T^)^) as 
(6.1) HciK)^HoiK)~Vc. 

The decomposition of the space L2{(T^)'^) into the direct integral 

L2{{T^f)^ J ®L2{T^)dp 

p6T3 

yields for the operator Ha (K) the decomposition into the direct integral 



Ha{K)= J ®Ha{K,p)dp. 



p6T3 
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The fiber operator Ha{K,p) acts in the Hilbert space i2(Tr'^) and has the form 

Ha{K,p) = ha{{mf} + m~f)K + p) + ea{maK — p)I, 

where I is identity operator and ha(k) is the two-particle operator defined by (5.1). The 
representation of the operator Ha {K, p) implies the equality 

a{HaiK,p)) = (Tdihaiimp + m,^)K + p)) 

U [E^^l{{mp+m^)K + p),Ei^l^{{mii + m^)K + p)\ +ea{maK~p), 

where ad {ha (^) ) is the discrete spectrum of the operator ha {k) . The theorem (see, e.g. ,[22]) 
on the spectrum of decomposable operators and above obtained structure for the spectrum 
of Ha {K, p) gives 

Lemma 6.1. The equality holds 

(T{Ha{K)) 

= UpeT-' {<7d{ha{{mp + 7n^)K + p) + EaimaK ~ p)} U [E^in{K), E,^^^{K)]. 

Lemma 6.2. Let ^a — Mq some a — 1,2,3. Then for any K e J7^(0),(5 > 
sufficiently small, the following inequality 

Tf{K) < E,^UK) 
holds, where rf (K) is defined in (14. 2t . 

Proof. By Theorem l5.4l for each K £ and p € T^, p ^ — (m^ + m^)K the operator 
haiimp + m^)K + p) has an unique simple positive eigenvalue Za{{mp + m^)K + p) 
below the bottom of crcont{ha{{jnij + m^)K + p)). Therefore using Lemma lOl for the 
spectrum a{Ha [K)) of the operator Ha [K) we conclude that 

Tf{K) = inf UpeT3 [ea{maK - p) + <T{ha{{nip + my)K + p))] 
= min [ea{maK — p) + Za{{mp + m^)K + p)] . 

By Theorem l5.4l for each K e Ug{0) and p ^ — {mp + m^)K the inequality 

EaimaK - p) + Za{{mp + ■m^)K + p) < El^)j{mp +m^)K +p) + EaimaK - p) 
holds. 

On the other hand, by computing partial derivatives, it is easy to see that for any 
K e UgiO) the point p = —{mp + m^)K can not be a minimum point for the function 

^iln(("^/3 + m^)K + p)+ EaimaK - p). Therefore rfiK) < E^^iniK) holds. □ 

Proof of Theorem 14.41 The operator Va defined by ( 13 .4> has form Va — fiaV, 
where 

iVf)ip) = (27r)-3 / fis,p)ds. 

One can check that 

sup iVf, /) = 1 
11/11=1 
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and hence 

{H{K)f, /) = {HoiK)f, /) - ^iliVf, f) - fj,${Vf, f) - fx^iVf, /) 

= {H^{K)f, /) - ij,${Vf, /) - f,^{Vf, /) > {H„{K)f, /) - (m^ + sup {Vf, /). 

11/11=1 

Thus 

The definition (6.3) of t^{K) imply that 

□ 

Let Wa{K, z), a = 1, 2, 3 be the operators on L2((T^)^) defined as 
Wa{K, z) = I + vjRc,{K, z)vj, 

where Ra{K, z), a = 1, 2, 3 are the resolvents of Ha{K), a = 1,2, 3. One can check 
that 

Wa.{K,z) = (I -VjRo{K,z)vj)-\ 

where Rq{K, z) the resolvent of the operator Hq{K). 

For 2; < Teas{K), Tess{K) = luf (Tess (i? (if)) the operators Wa{K, z), ct — 1, 2, 3 
are positive. 

Denote by -C = L^^^ ((T^)^) the space of vector functions w with components Wa € 

L2((T3)2),a = l,2,3. 
Let 

T{K,Z), Z<Tess{K) 

be the operator on L with the entries 

To,^{K,z)=0, 

T^0{K,z) = W3{K,z)vjRo{K,z)V^wl{K,z). 

For any bounded self-adjoint operator A acting in the Hilbert space J{ not having any 
essential spectrum on the right of the point z we denote by IK/i(z) the subspace such that 
{Af,f) > z{f,f ) for any / e JiAiz) and set n{z,A) = supj<;^(^) dim ^{^(z). By the 
definition of N{K,z) we have 

N{K, z) = n{-z, -H{K)), -z > -Tess{K). 

The following lemma is a realization of well known Birman-Schwinger principle for the 
three-particle Schrodinger operators on lattice (see [23,25]). 

Lemma 6.3. For z < Tgss (K) the operator T{K, z) is compact and continuous in z and 

N{K,z) = n{l,T{K,z)). 
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Proof. First verify the equahty 

(6.2) N{K,z)^n{l,Rl{K,z)VTRUK,z)), Vt = Vi + V2 + V^. 
Assume that u e (x) (— z), that is, {(Hq{K) — z)u,u) < {Vtu,u). Then 

(y, y) < (rI [K, z)VtRI [K, z)y, y), y = {H{K) ~ z)hu. 

Thus N(K^ z) < n(l, Rq (K, z)VtRq {K, z)). Reversing the argument we get the oppo- 
site inequahty, which proves i6.2\ . 

Now we use the following well known fact. 

Proposition 6.4. Let Ti, T2 be bounded operators. If z 7^ is an eigenvalue 0/T1T2 then 
z is an eigenvalue for T2T1 as well of the same algebraic and geometric multiplicities. 

Using Proposition l6 .41 we get 

n(l, i?| {K, z)VtRI (K, z)) = n{l, M{K, z)), 
where 'M.{K, z) the operator on L with the entries 

M^p^vjRo{K,z)V^, a,/3 = 1,2,3. 

Let us check that 

7i(l,M(/^,z)) = n(l,T(i^,z)). 

We shall show that for any u € ^wi{K,z){^) there exists y € 3^T(ii',z) (1) such that 
{y, y) < {T{K, z)y, y). Let u e :H:m(k,z)(1), that is, 

3 3 ^ ^ 

a=l a, 13=1 

and hence 

3 ^ 1 3 1 1 

^ {V--Rq(K,z)V-- 

1 1 1 

Denoting by y^ ^ {I - Ro{K, z)V^ ) 2 u„ we have 

3 3 
^(2;«,ya)< {wl{K,z)V3Ro{K,z)vlwl{K,z)yp,y^), 

that is, (y, y) < {T{K, z)y, y). Thus m{K, z)) < T(is:, z)). 

By the same way one can check T(_ft', z)) < n{l, M(i^, z)). □ 

Set 
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Denote by ^^^^(T^) the space of vector-functions w = {wi, W2, w^), Wa E L2{T'^), a = 
1, 2, 3 and define compact operator T(K, z), z C \ on ij"^' (T'') with the entries 

Tao.{K,z)=0, 

_1 _ j_ 

f Aa^ {K,Pa,z)Arj^ {K,Pi3,z) 

J Eaf}[K;Pa,Pp) - z 

where 

(6.3) Aa{K,p,z) := Aa{{mp + m^)K - p,z - ea{maK ~ p)). 

Now we show that the numbers of eigenvalues greater than 1 of the operators T(i4r, z) 
and r(A', z) are coincide. 
Let 

* = diag{vl/i, vI/2, vlig} : if ((T3)2) ^ LfiT^) 
be the operator with the entries 



(*a/)ba) = (27r)-2 / f{q,p^)dq, a = 1,2,3 

and ^f* = diag{*i, ^1^2, ^3} its adjoint. 
Lemma 6.5. The following equalities 

T{K,z) = ^*T{K,z)^ and n{l,T{K, z)) ^ n{l,T{K, z)) 

hold. 

Proof. One can easily check that the equalities 

(6.4) ^-^Z - (2^)i^^ and W^^^V^/^ f = A-^K,p^, z)V^/^ f 



hold. The equalities ( I6.4> implies the first equality of Lemma l631 By ProDosition l6.4l we 
have 

n(l, T{K, z)) = n(l, ^*T{K, ^)*) = n(l, T(A', 0)*^'*) = 7i(l, r(i4:, z). 

□ 

Now we establish a location of the essential spectrum of H{K). For any K e T'' 
and z € Q \ the kernels of the operators Ta[3{K,z),a,j3 — 1,2,3 are contin- 

uous functions on (T'^)-^. Therefore the Fredholm determinant Dk{z) of the operator 
/ — T{K, z), where / is the identity operator in L^2\'^^)^ exists and is a real-analytic 
function on C \ The following theorem is a lattice analog of the well known Fad- 

deev's result for the three-particle Schrodinger operators with the zero-range interactions 
and can be prove similarly to that of the identical particle case (see [12]). 

Theorem 6.6. Forany K G T"^ thenumberz e C\Yi{K) is an eigenvalue of the operator 
H{K) if and only if the number 1 is eigenvalue ofT{K, z). 
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□ 

According to Fredholm's theorem the following lemma holds. 

Lemma 6.7. The number z G C \ 'Si{K) is an eigenvalue of the operator H{K) if and 
only if 

Dk{z) = 0. 

□ 

Proof of Theorem l4.3l By the definition of the essential spectrum, it is easy to show 
that S(iir) C <Jess{H{K)). Since the function Dk{z) is analytic in C \ S(i^) by Lemma 
I6.7l we conclude that the set 

a{H{K))\i:{K) = {z: Dk{z) = Q} 

is discrete. Thus 

a{H{K)) \ E{K) C a{H{K)) \ a,ss{H{K)). 

Therefore the inclusion <Tess{H{K)) C ^{K) holds. □ 

Now we are going to proof the finiteness of N{K, Tess(K)) for K ^ Ug{0),5 > 
sufficiently small. First we shall prove that the operator T{K, Tess{K)) belongs to the 
Hilbert-Schmidt class. 

The point p = is the non degenerate minimum of the functions Sa (p) and Za (p) 
(see (15. 6» and hence p = is the non degenerate minimum of Zq, (0, p) defined by 

^mini^^P) •= £a{maK - p) + ZaUnifj + my)K +p). 

Simple computations gives 




Therefore for all K E Ug{0) at the non degenerate minimum point p^(K) E U^{0) of 
the function Za{K,p), K E Ug{0) the inequality 

holds. Hence the asymptotics 
(6.5) 

Z^{K,p)=T:{K) + {BiK){p-p^{K)),p-p^{K))+oi\p~p^{K)\^) as \p-p^{K)\ ^ 



is valid, where Tf{K) = Za{K,p^{K)). From Lemma l5^ we conclude that for all 

K E C/,O(0),p E U,(k){pI{K)) the equality 

(6.6) A„(i^,p,Tf (i^)) = {Z^{K,p) - Tf{K))k^{K,p,Tf{K)) 

holds, where Aa{K,p^{K), t"{K)) ^ 0. Putting dOt into dOt we get the following 
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Lemma 6.8. Letfia = Mqj — 1, 2, 3. Then for any K e C^^ (0), 5 — 5{K) sufficiently 
small, there are positive nonzero constants c and C depending on K and Us(^k) (Pai-^)) 
such that for all p £ Us(^K){Pai-^)) the following inequalities 

(6.7) c\p~p^{K)\^ < A^{K,p,T:iK)) < C\p~pi{K)\^ 
hold. 

□ 

Lemma 6.9. Let jia ^ jjP^forall a — 1,2, 3. Then for any K G Ug{0), 5 > sufficiently 
small, the operator T{K, Tess{K)) belongs to the Hilbert-Schmidt class. 

Proof. As we shall see that it is sufficient to prove Lemma in the case ^q, — jjP^ for 
all a = 1, 2, 3. By Lemma lS^ we have 

(6.8) Tess{K) = miuT^iK) < £;,„i„(if), K e U^{0). 

a 

The operator ha (0) has a zero energy resonance. By Theorem l5.4l the operator ha{k), k G 
T"^, k ^ has a unique eigenvalue Za{k), Za{k) < E^^^{k). 

Since Tf{K) = min^gT^ Za{K,p) the function Za{K,p) has a unique minimum 
and hence for all p G \ Us{Pa (K)) we obtain 

(6.9) Aa{K,p,T^{K))>C>0. 
According to ( 16. 8> for all Pa,pp G and K G Ug{0) the inequality 

(6.10) Eap{K;pa,Pfj) - T^{K) > E,,,UK) ~ Tf{K) > 

holds. Using i6.1\ . ( 16. 9> and taking into account (I6.10> we can make certain that for 
all K G U"{0) and pa G Us{Pa{K)), pp G Usip^{K)) the modules of the kernels 
Tai3 {K,Tess{K);pa,Pi3) of the integral operators Tap {K,Tess{K)) can be estimated by 

\pa-pl{K)\\p0-pl{K)\ ^' 
where Co{K) and Ci some constants. Taking into account ( 16. 8> we conclude that 

Taf3[K,T,ss[K)), a, 1,2,3 

are Hilbert-Schmidt operators. Thus, T{K, Tqss{K)) belongs to the Hilbert-Schmidt class. 

□ 

Now we shall prove the finiteness of N{K, Tess{K)) ( 14. 6t and a generalization of 
the Birman-Schwinger principle for three-particle discrete Schrodinger operators on lat- 
tices. 

Theorem 6.10. Assume Hypothesi s. 2\ Then for the number N {K , t^ss {K)) the relations 

N{K,T,ss{.K)) = n{l,T{K,T,ss{.K))) < lim n(l - 7, T(X, Te,,(if))) 

7— ►o 

hold. 
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Proof. By Lemmas l6 . 3 1 and 1631 we have 

N{K, z)=n{l, T{K, z)) as z < t,ss (K) 

and by Lemmal6^for any 7 e [0, 1) the number n(l - 7, T{K, Tess{K))), K e f/J'(0) 
is finite. Then according to the Weyl inequahty 

n(Ai + A2, ^1 + A2) < n{Xi,Ai) + n(A2, ^2) 

for all z < Tess{K) and 7 G (0, 1) we have 

N{K, z) = n(l, T{K, z)) < n(l-7, T{K, T,,,{K)))+n{j, T{K, z)~T{K, t,,,{K))). 
Since T{K, z) is continuous from the left up to z = Tess{K), K e Ug{0), we obtain 
lim N{K,z)^NiK,TessiK)) < nil - -i,T{K,T,,s{K))) for all 7 G (0,1) 



and so 



N{K, T,,s{K)) < lim n{l - 7, T{K, t,,,{K))). 



By definition of n{l, T{K, z)) for any 7 G (0, 1) the equality 

n(l - 7, T{K, T,,,{K))) > n(l, T{K, t,ss{K))) 

holds. Since N{K, t^ss{K)) is finite we have N{K, t^ss{K) - 7) N{K, Tess{K)) for 
all small enough 7 G (0, 1). Therefore using Lemma 163) and continuity of N{K, z) from 
the left we derive the equality 

n{l,T{K,T,ss{K))) = lim n{l,T{K,T,ss{K) ~ 

7^0 



lim N{K,T,ss{K) - 7) = N{K,T,ss{K)). 

7— *o 



□ 



7. ASYMPTOTICS FOR THE NUMBER OF EIGENVALUES OF THE OPERATOR H(K) 

We recall that in this section we closely follow A.Sobolev's method to derive the 
asymptotics for the number of eigenvalues of H{K) (Theorem 14. 7> . As we shall see, 
the discrete spectrum asymptotics of the operator T{K, z) as \K\ and z — > —0 is 
determined by the integral operator 

Sr,r = l/2|log(ffi + |z|)| 

in 

L2((0,r) X a = L2(S'), 

with the kernel Sap{x — x'; <£,,!] >), ^, 77 G S^, is unit sphere in R^, where 

(7.1) SU^;t)^0, S^p{x;t) ^ {27Tr^ ""^ 

cosh(a; + rap) + Sapt 

and 

r^P^lotf \\ 1 1 ^Q7 ^7 



Ua0 = kaf3{ )^ Tap = - log — ^ , 3^/3 



24 



SERGIO ALBEVERIO'^''''^, SAIDAKHMAT N. LAKAEV* ZAHRIDDIN I. MUMINOV 



ka[3 being such that kap = 1 if both subsystems a and /3 have zero resonances, oth- 
erwise kai3 — 0. The eigenvalues asymptotics for the operator Sr has been studied in 
detail by Sobolev [23], by employing an argument used in the calculation of the canonical 
distribution of Toeplitz operators. We here summarize some results obtained in[23]. 

Lemma 7.1. The following equality 

lim ir-in(A,Sr) = U(A) 

r— >^cso 2 

holds, where the function 11{X) is continuous in X > and Uq in < I4.3I defined as Uq = 

11(1). 

Lemma 7.2. Let A(z) = Aq{z) + Ai{z), where {Ai) is compact and continuous in 
2; < (z < 0). Assume that for some function /(■), J{z) ^ 0, z ^ —0 the limit 

lim f{z)n{\Ao{z))^l{\), 

2^ — 

exists and is continuous in A > 0. Then the same limit exists for A{z) and 

lim f{z)n{\A{z)) = /(A). 

□ 

Now we are going to reduce the study of the asymptotics for the operator T{K^ z) 
to that of the asymptotics of Sr. 

From definition of the functions and E^)^ (see j5.2t ) we obtain that 



and 



(7.2) 



E':^n{k) = \^\k?^0{\kt) asfc^O, 

Z Lp -\- l~f 



■,P.<D - ^^^/+^b,'?)+^^^9^ + :S+0(|At+br+|<z|^) as K^p^q 



2 " ■ ■ 2 " ■ 2M 

From Lemma l531 we easily receive the following 

Lemma 7.3. For any K e [/^(O) and z G [—5, 0] we have 
(7.3) 

A^{K,p,z^- 



nnP^ H 2z 



+0(|Xr + br+|z|) as K,p, z ^ 0, 



2n{li3 + l^) 
where 

_ hh + hh + hh 
Ip + 

The following theorem is basic for the proof of the asymptotics ( 14. 3t . 
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Theorem 7.4. The equality 
holds. 

Remark 7.5. Since 1X(.) is continuous in A, according to Lemma \7.2\ a compact and 
continuous up to z = perturbations of the operator Aq{z), do not contribute to the 
asymptotics (14. 3> . During the proof of Theorem \7.4\ we use this fact without further com- 
ments. First we prove Theorem \7.4\ under the condition that all two-particle operators 
have zero energy resonances, that is, in the case where — fi^, ^2 — M2 ^"'^ Ms = Ms- 
The case where only two operators ha{0) and hfj{0) have zero energy resonance can be 
proven similarly. 

Proof of TheoremlT4lLet T((5, |^ + |z|) be an operator on ^^^^(T^) with the 
entries 

Taa{6;^ + \z\) = 0, 
(ra/3(5;^ + |z|H(p) 



Ip^q^ + 2/^(p, q) + + 2(ig + |^|) 



T3 

where 



74 7- 



Do,p=—^, a,/3,7 = 1,2,3 



27r2 ' 

and Xi5(') is the characteristic function of Us{0) — {p ■ \p\ < S}. 

Lemma 7.6. The operatorT{K, z)~T{S; + \z\) belongs to the Hilbert-Schmidt class 
and is continuous in K G Us{Q) and z < 0. 

Proof. Applying asymptotics J7.2> and (17. 3> one can estimate the kernel of the operator 

T^0{K,z)-T^p{5;^ + \z\)hy 

(7.4) C[(p2 + + |p|-i(p2 ^ ^2)-l ^ ^ ^2)-l ^ ^] 

and hence the operator Taf}{K, z) — Tap{S; ^ + \z\) belongs to the Hilbert-Schmidt 
class for all K e Us{0) and z < 0. In combination with the continuity of the kernel of the 
operator in e Us{0) and z < this gives the continuity of T{K, z) - T{5\ ^ + |z|) 
inif G J75(0) andz < 0. " □ 

The space of vector-functions w — (wi, W2,'Wz) with coordinates having support in 
Us{Q) is an invariant subspace for the operator T{5, ^ + \z\). 

Denote by the space of vector-functions w ~ (wi, 102,^3), Wa^L2{Us{Q)): 
that is, 

= ®Lli2(f/5(0)). 
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Let Tq{5, + \z\) be the restriction of the operator T{S, + \z\) to the invariant 
subspace Lg- One verifies that the operator Tq{6, ^ + \z\) is unitarily equivalent to the 
operator Ti ((5, ^ + l^^l) with entries 

Ti'2iS;^ + \z\) = 0, 

Ur(0) 

acting in i 2 (^r-(O)), r = (^aT + l-^l)^^- The equivalence is performed by the unitary 
dilation 

= diag{Br,Br,Br} : 4'^(f/5(0)) ^ if (C/.(0)), (S./)(p) = (^)-'/V(;P)- 
Further, we may replace 

+ 2)"l/^ ^ 2)-!/'* and Ip^q^ + 2l^{p, q) + + 2 

by 

Kp2)-i/4(i_^^(p))^ {npq^)-^'\l~Xi{q)) and Ip^q^ + 2l^{p,q) + l^^p\ 
respectively, since the error will be a Hilbert-Schmidt operator continuous up to X = 
andz = 0. Then we get the operator T(2)(r) in ([/^(O) \ C/i(0)) with entries 

■n'l = fri ,. n a^l^l n. o / 

Ip^q^ + 2/^(p, g) + la^p 

uAo)\um 

This operator T^'^^ (r) is unitarily equivalent to the integral operator Sr with entries 
M .W . The equivalence is performed by the unitary operator M = diag{M, M, M} : 
L^i\UriO) \ Ui{0)) — y i2((0,r) x cr^^))^ ^here {M f){x,w) = e^""^^ fie^'w), x £ 
(0,r), w e S2. 
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